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Abstract
We investigate the images (also called quotients) of countable connected bunches of arcs in R3,
obtained by shrinking the arcs to points (see Section 2 for definitions of new terms). First, we give
an intrinsic description of such images among T1-spaces: they are precisely countable and weakly
first countable spaces. Moreover, an image is first countable if and only if it can be represented as a
quotient of another bunch with its projection hereditarily quotient (Theorem 2.7). Applying this result
we see, for instance, that two classical countable connected T2-spaces—the Bing space [R.H. Bing,
A connected countable Hausdorff space, Proc. Amer. Math. Soc. 4 (1953) 474], and the Roy space
[P. Roy, A countable connected Urysohn space with a dispersion point, Duke Math. J. 33 (1966)
331–333]—belong to such images. However, in these cases, we can show even more: each of the
examples is a quotient, with hereditarily quotient projection, of a countable bunch of free segments
(Examples 2.12 and 2.15). Next, we construct an example of a countable connected planar bunch of
segments whose quotients are not first countable (Theorem 2.9). We also construct a collection of
power c of countable connected Hausdorff spaces (with some extra properties). As a corollary we
get that there exists a collection of power c of countable connected bunches of arcs in R3 no two of
which are homeomorphic (Theorem 3.1). We end this article with some open problems.
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1. Introduction
In this note we present some remarks concerning the following problem: Which count-
able connected T1-spaces can be obtained from bunches of arcs by shrinking the arcs to
points?1
Our primary objective is to give a complete solution to this problem. First, we note the
following results which imply the solution: (a) the quotient of a countable bunch of arcs is
countable and weakly first countable; moreover, it is first countable if it can be represented
as the quotient of another bunch with its projection hereditarily quotient (cf. Theorem 2.7);
(b) any countable and weakly first countable T1-space Y is the quotient of a special bunch
with projection f ; if Y is first countable then f is hereditarily quotient (Theorem 2.4).
The special bunch is constructed in the proof of Theorem 2.4 by a simple and geometric
method converting a given countable space into a bunch of arcs in R3 with each arc being
a broken line. Complementary to these results is Theorem 2.7 which gives another, listed
below, descriptions of the notions weak first countability—first countability, for count-
able T1-spaces: the images of quotient (hereditarily quotient, respectively) mappings with
finite fibers defined on metric spaces; the images of quotient (hereditarily quotient, respec-
tively) mappings with compact fibers defined on metric spaces; symmetric—semimetric
spaces.
Apparently, the weak first countability is formally weaker than the first countability. We
show that it is factually weaker, even in the class of quotients of “nice” countable connected
bunches of arcs. Actually, we construct an example of a countable connected planar bunch
with free segments whose quotient space is a Fréchet space and has countable base at no
point (Theorem 2.9).
In some special cases Theorem 2.7 can be sharpened. We show that two classical count-
able connected T2-spaces—the Bing space [2] and the Roy space [9]—are quotients, with
hereditarily quotient projection, of countable bunches of free segments in R3 (Exam-
ples 2.12 and 2.15).
Next we construct a collection of power c of pairwise non-homeomorphic countable
connected Hausdorff spaces. This is accomplished by employing either the Bing or the
Jones–Stone space [5] to some general scheme. By Theorem 2.4 each space of that collec-
tion can be regarded as a quotient of a countable bunch of arcs. This observation leads to
the following corollary: there exists a collection of power c of pairwise non-homeomorphic
countable connected bunches of arcs (Theorem 3.1).
1 This problem has naturally arisen in the study of one-to-one continuous images of the real line. There are
some known results in the literature devoted to such spaces and many new results have been obtained in recent
years. One of the authors has been considering writing a monograph devoted to this subject.
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We use standard notation: N = {0,1, . . .} denotes the natural numbers, Z—integers,
Q—rational numbers, R—real numbers, and I = [0,1]—the unit interval in R.
A set is said to be nondegenerate if it contains at least two points. For generally accepted
notions and conventions not defined in this paper we refer the reader to [3]. In particular we
follow the convention according to which compact spaces are Hausdorff. Homeomorphic
spaces are also called topologically equivalent.
By a partition of a space X we mean a covering of X by disjoint sets. The partition is
trivial if all sets, except possibly one, are empty; it is closed if the sets are closed. As usual,
by a continuum we mean a non-void compact connected metrizable space. According to a
classical theorem of Sierpin´ski ([10], cf. [6, p. 173]), any countable closed partition of a
continuum is trivial. By an arc we mean a space homeomorphic to the unit interval. An arc
in a space X is said to be free (in X) if its manifold interior is an open subset of X. By a
bunch of arcs we mean a non-void metrizable space with a fixed partition into arcs. If the
collection of arcs is countable, the bunch is said to be countable. The arcs of a countable
bunch are determined by the space itself—they coincide with the arc-components of that
space. This follows from the Sierpin´ski theorem. Any countable bunch of arcs is a separable
metrizable 1-dimensional space, and hence, according to the famous Menger–Nöbeling
theorem, is embeddable in R3 (cf. [6, p. 116]).
Let X be a bunch of arcs. The collection of arcs (i.e., the partition of X into arcs) with
the quotient topology will be denoted by X/∼ and called the natural quotient of X (we
think of X/∼ as a space resulting from X by shrinking the arcs to points). The natural
projection q :X → X/∼ is a quotient mapping. A space Y is said to be a quotient of X
if there is a quotient mapping f :X → Y (called a projection of the quotient) such that
each fiber f−1(y), y ∈ Y , is an arc of the bunch. One easily verifies that Y is a quotient of
X if and only if Y is homeomorphic to X/∼. Moreover, f = h ◦ q , where h :X/∼ → Y
is a homeomorphism. The pair (X,f ) (less accurately: the bunch X itself) is said to be
a resolution of Y .
Now we shall make a general remark on quotients of countable connected bunches
of arcs. It is well known that any countable regular space is normal (cf. [3, Theorem
1.5.17]). Hence it follows, by the Urysohn lemma, that no nondegenerate countable con-
nected space is regular. Similarly, one can prove that any closed subset of a countable
connected T1-space, which is a regular space, has empty interior (cf. [9]). As the quotient
of a bunch of arcs is a T1-space we get the following corollary.
Proposition 2.1. Any nondegenerate quotient of a countable connected bunch of arcs is
a T1-space which is not regular. Moreover, any closed subset of the quotient, which is a
regular space, has empty interior.
Proposition 2.2 ((cf. [3, 2.4.6])). Let f :X → Y be a continuous surjection and let X0 ⊂ X
be a set such that f (X0) = Y . If f |X0 :X0 → Y is quotient then f is quotient as well.
A mapping f :X → Y is said to be hereditarily quotient if for every set Z ⊂ Y the
restriction fZ :f−1(Z) → Z is quotient.
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Then f is hereditarily quotient if and only if for each y ∈ Y and each open set U ⊃ f−1(y)
the image f (U) is a neighborhood of y.
A topological space Y is said to be weakly first countable2 if for each y ∈ Y there is a
decreasing sequence V(y) = {Vy,n: n ∈ N} of subsets of Y , each containing y, such that
for any set U ⊂ X the following is true:
() (U is open in Y ) ⇐⇒ ( for each y ∈ U there is V ∈ V(y) such that V ⊂ U ),
(V(y) is called a local weak base of Y at y). If we can choose V(y) composed of open sets
then Y is said to be first countable. (In this case V(y) is called a local base of Y at y.) For
a countable space, first countability is equivalent to the property of possessing a countable
base.
Theorem 2.4. Every non-void, countable and weakly first countable T1-space Y has a
resolution (X,f ) into a bunch of arcs. Moreover, if Y is first countable, then (X,f ) can
be chosen such that f is hereditarily quotient.
Proof. If Y is finite then it is discrete (as a T1-space). Hence in this case any resolution
of Y (being equivalent to the projection Y × I → Y ) satisfies the conclusion. So we can
assume that Y is infinite. Arrange points of Y in a sequence y1, y2, . . . without repetitions.
For each i = 1,2, . . . let Vi 1,Vi 2, . . . be a decreasing sequence of sets in Y constituting a
local weak base at yi (if Y is first countable we assume that Vi 1,Vi 2, . . . is a local base
at yi ). By T1 condition we can assume that
(1) Vi 1 = Y \ {y1, y2, . . . , yi−1}.
Moreover, for each i  1 we can choose in I a sequence without repetition si i , si i+1, . . .
corresponding to yi, yi+1, . . . so that the following conditions hold:
(2) si i = 0,
(3) si j ∈ [0, 1n ) \ [0, 1n+1 ) ⇐⇒ yj ∈ Vi n \ Vi n+1,(4) the space {si i+1, si i+2, . . .} is discrete.
By (2) and (3) we infer that
(5) si j ∈ [0, 1n ) ⇐⇒ yj ∈ Vi n.
Now consider a subspace of R2 given by the formula SY = ⋃∞i=1Si × {i} where Si ={si i , si i+1 . . .}, and a transformation g :SY → Y given by the assignment g(si j , i) = yj .
By (2) we get
2 This concept has been introduced by Arhangel’skii [1].
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Moreover, by (2), (4) and (5) we infer that
(7) g carries Si × {i} continuously and in one-to-one fashion onto {yi, yi+1, . . .}.
Now we shall prove that
(8) g is finite-to-one and quotient.
By description of Si and g it follows that the equality g(si j , i) = yj implies i  j , which
proves the first part of (8). To prove continuity of g it suffices to prove continuity of the
restriction of g to each set Si ×{i}. As Si \{0} is a discrete space by (2) and (4), it is enough
to prove that g is continuous at (0, i) = (si i , i). But this immediately follows from (5). So
it remains to show that g is quotient. To this end consider a set W ⊂ Y the inverse image
of which, g−1(W), is open in SY ; we have to show that W is open in Y . According to ()
we have to show that for each y ∈ W there is an element of the local weak base (local base,
respectively) at y contained in W . But y = yi for some i, hence we have to show that
(9) Vi n ⊂ W for some n 1.
By (6) we have (0, i) ∈ g−1(W). By the openness of g−1(W) there is n  1 such that
([0, 1
n
) ∩ Si) × {i} ⊂ g−1(W). By (5) and the description of g it follows that g(([0, 1n ) ∩
Si)× {i}) = Vi n, hence Vi n ⊂ W , which proves (9). This ends the proof of (8).3
From this point on, to the end of the proof, we proceed as follows. First we define a
bunch of arcs X = ⋃∞j=1 Aj , where Aj are disjoint arcs in R3. Then we show that the
transformation f :X → Y given by the formula f−1(yj ) = Aj has the desired proper-
ties (i.e. it is quotient if Y is weakly first countable, and hereditarily quotient if Y is first
countable). The proof will be given separately for each of the two cases.
Put Aj =⋃ji=1{si j }× {i}× [−j, j ]∪⋃j−1i=1 Ki j , where Ki j is the segment connecting
points (si j , i, (−1)i+1j) and (si+1 j , i + 1, (−1)i+1j).
From the description of Aj it follows that
(10) Aj ∩ (R × N × R) =⋃ji=1{si j } × {i} × [−j, j ] = g−1(yj )× [−j, j ] and
(11) Aj \ (R × N × R) ⊂⋃j−1i=1 Ki j ⊂ R × R × {−j, j}.
It is easy to verify that Aj ’s are disjoint arcs, so f is well defined. Notice that f is surjec-
tive. It remains to show that f has the desired properties. So, consider two cases:
(i) Y is weakly first countable.
3 The above construction is similar to a construction by Michael [7].
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In this case we have to prove that f is quotient. In order to get this we are going to apply
Proposition 2.2. To this end consider a subset X0 of X given by the formula X0 = SY ×{0}.
Clearly, f (X0) = Y . By (10) the restriction f |X0 :X0 → Y coincides with superposition
of a natural projection X0 → SY (which is a homeomorphism) and g. Hence, by (8), f |X0
is quotient. To complete the proof that f is quotient it suffices to show that
(12) f is continuous.
The set K = X∩(R×N×R) together with the intervals Ki j constitute a closed and locally
finite covering of X. Therefore, in order to prove (12), it suffices to show that the restriction
of f to each of these sets is continuous. But f carries Ki j into yj , hence it remains to
show that f |K is continuous. Let p :SY × R → SY denote the natural projection. By (10)
we have f |K = g ◦ (p|K), hence f |K is continuous by (8). This ends the proof of (i).
(ii) Y is first countable.
In this case we show that f is hereditarily quotient. So, consider any set Z ⊂ Y ; it remains
to prove that fZ :f−1(Z) → Z is quotient. Obviously, it is quotient if Z is finite. Hence
we can assume that Z = {yk1, yk2 , . . .}, where k1 < k2 < · · · . For each i  1, taking the
intersections Vki 1 ∩Z, Vki 2 ∩Z, . . . we obtain a local base of Z at yki . Let S′ki = {ski j : j =
ki, ki+1, . . .}. Repeating the proof of (8)—with i replaced by ki and Vi n by Vki n ∩Z—we
infer that the restriction g′ :S′Z → Z of the mapping g to S′Z =
⋃∞
i=1 S′ki ×{ki} is quotient.
Then using an argument similar to that in (i) one can show that fZ(S′Z × {0}) = Z and
the restriction of fZ from S′Z × {0} to Z is quotient as well. Hence fZ is quotient by
Proposition 2.2. This completes the proof. 
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[0,∞) (called a symmetric on Y ) satisfying the following conditions (for each y, y′ ∈ Y ):
(a) ds(y, y′) = 0 ⇐⇒ y = y′,
(b) ds(y, y′) = ds(y′, y),
(c) ds generates the topology on Y .
Condition (c) means that for every set U ⊂ Y the following holds:
(U is open in Y ) ⇐⇒ ( for each y ∈ U there is ε > 0 such that {y′ ∈ Y : ds(y, y′) <
ε} ⊂ U ).
If, in addition, for each y ∈ Y and ε > 0 the “ball” {y′ ∈ Y : ds(y, y′) < ε} is a neighbor-
hood of y, then Y is said to be semimetrizable and ds is called a semimetric on Y .
In the proof of Theorem 2.7 below we need the following two lemmas. The first is
elementary, we omit its proof. The second is also elementary, except for one non-trivial
implication. For completeness we shall show how we can prove the implication.
Lemma 2.5. 4 Any symmetrizable (semimetrizable, respectively) space is weakly first
countable ( first countable, respectively).
Let X be a metric space with a metric d . If A and B are non-void subsets of X, then by
d(A,B) we denote the greatest lower bound of distances between elements of these sets,
d(A,B) = inf{d(x, y): x ∈ A, y ∈ B}.
Let f :X → Y be a surjection. By a distance on Y—induced by d and f —we mean a
function d∗ :Y × Y → [0,∞) given by the formula
d∗(y, y′) = d(f−1(y), f−1(y′)).
Lemma 2.6. Let (X,d) be a metric space and let f :X → Y be a transformation with
compact fibers. Then f is quotient (hereditarily quotient, respectively) if and only if d∗ is
a symmetric (semimetric, respectively) on Y .
Proof. The implication that requires a proof is: (f is hereditarily quotient) ⇒ (d∗ is a
semimetric). This, however, is a straightforward consequence of Lemma 2.3. 
Theorem 2.7. For any countable T1-space Y the following properties are equivalent:
(i) Y is weakly first countable ( first countable, respectively);
(ii) Y is a quotient of a bunch of arcs (with the projection hereditarily quotient, respec-
tively);
(iii) Y is a finite-to-one image of a metric space under a quotient mapping (under a hered-
itarily quotient mapping, respectively);
4 The concept of a symmetrizable space has been introduced and discussed by Arhangel’skii [1] (in particular,
its relation to the weak first countability and the quotient mappings discussed in this and the following two results
comes from that paper).
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mapping with compact fibers;
(v) Y is symmetrizable (semimetrizable, respectively).
Proof. (i) ⇒ (ii) This is Theorem 2.4.
(i) ⇒ (iii) Follows from the proof of Theorem 2.4 (see property (8)).
(ii) ⇒ (iv) Trivial.
(iii) ⇒ (iv) Trivial.
(iv) ⇒ (v) Follows from Lemma 2.6.
(v) ⇒ (i) Follows from Lemma 2.5. 
Remarks. (1) Here we show that any space Y (not necessarily countable) which can be
represented as the image of a quotient mapping with compact fibers defined on a separable
metric space, can be also represented as a quotient of a bunch of arcs. In fact, Y can be
also represented as the image of a 0-dimensional separable metric space Z under a quotient
mappings g :Z → Y with compact fibres. (This follows from two observations: (1) any
separable metric space can be represented as the image of a 0-dimensional separable metric
space under a perfect mapping [8], (2) the composition u ◦ v of two mappings, where u
is quotient with compact fibers and v perfect, is quotient with compact fibers.) Hence we
may assume that Z ⊂ I (by the Menger–Nöbeling theorem). Let J (Y ) = (Y ×I )/(Y ×{0})
be a hedgehog with spikes Iy = {y} × I , y ∈ Y , and with vertex [y,0] = Y × {0} (cf. [3,
Example 4.1.5]). For each y ∈ Y define an arc A(y) ⊂ J (Y )× I by the formula
A(y) = {([y,φ(t)], t) ∈ J (Y )× I ; φ(t) = d(t, g−1(y)), t ∈ I}
(where d stands for the standard metric on R), and define X = ⋃y∈Y A(y). Then X is
a bunch of arcs and by Proposition 2.2 the mapping f :X → Y given by the formula
f−1(y) = A(y) is quotient.
(2) Here we define a sequence S1, S2, . . . of countable connected bunches of arcs in R2
called Sierpin´ski bunches, which will be referred to in the sequel. The 1st Sierpin´ski bunch
S1 is defined as follows ([11], cf. [6, p. 175]):
S1 = A1 1 ∪A1 2 ∪ · · · , where
A1n =
{
1
n
(
cos(2πt), sin(2πt)
) ∈ R2: 1
4
 t  1
}
∪
{
1
n
}
× I.
The 2nd Sierpin´ski bunch S2 is defined by the formula:
S2 = (A2 1 ∪A2 2 ∪ · · ·)∪ −(A2 1 ∪A2 2 ∪ · · ·), where
A2n =
{
1
n
(
cos(2πt), sin(2πt)
) ∈ R2: 0 t  1
4
}
∪
{
1
n
}
× (−I ).
5 Spaces which can be represented as the images of metric spaces under quotient mappings with compact fibres
have been characterized in terms of sequences of coverings by Jakovlev [4].
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For each m 3 the mth Sierpin´ski bunch Sm is defined as follows. For each natural n 1
put
Amn =
{(
1
n
,0
)
+ t
(
cos
(
2π
m
)
, sin
(
2π
m
))
: t ∈ I
}
.
Then define
Sm = (Am1 ∪Am2 ∪ · · ·)∪ rm(Am1 ∪Am2 ∪ · · ·)∪ · · · ∪ rm−1m (Am1 ∪Am2 ∪ · · ·),
where rm is a rotation of R2 around (0,0) through the angle 2πm . One easily sees that
the natural quotients S1/∼, S2/∼, S3/∼, . . . are all homeomorphic to the space Ncf—the
natural numbers N with the cofinite topology. (The cofinite topology on a set X consist of
the empty set together with the complements of finite subsets of X.)
(3) There exist countable connected T1-spaces having essentially different resolutions.
For instance, according to Remark 2, the space Ncf is a quotient of both S1 and S2, but the
first projection is hereditarily quotient while the second is not.
Let Y be a topological space. A sequence y1, y2, . . . of elements of Y is said to converge
to a point y ∈ Y if each neighborhood of y contains almost all elements of that sequence.
For a given sequence the set of all points in Y to which the sequence converges is called
the limit of this sequence and is denoted by limyn. The sequence is said to be infinite if
its elements constitute an infinite set; it is injective if its elements are all different. A space
Y is said to be a Fréchet space if for each set A ⊂ Y and each point y ∈ clA there is a
sequence in A which converges to y. Any first countable space is a Fréchet space.
Lemma 2.8 ((cf. [3, Exercise 2.4.F(c)])). If Y is both Hausdorff and Fréchet space then
any quotient mapping f :X → Y is hereditarily quotient.
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Now we are going to show that there is a connected countable bunch of free segments
in R2 whose natural quotient is not first countable. To this end we first describe certain
segments in the rectangle I × [0,2] ⊂ R2. Then taking the union of some translations of
those segments we get a desired example. For i = 1,2, . . . put
I0 i =
{
1
i
}
× I, I1 i = I ×
{
1 + 1
i
}
.
Let τ : R2 → R2 denote the translation by the vector [1,1], τ(x, y) = (x + 1, y + 1). Then
for each j ∈ Z put
I2j i = τ j (I0 i ), I(2j+1) i = τ j (I1 i ).
The bunch we are looking for is given by the formula
S∞ =
∞⋃
i=1
⋃
j∈Z
(I2j i ∪ I(2j+1) i );
we call it the Sierpin´ski bunch (or, the ∞th Sierpin´ski bunch).
A collection {As}s∈S of subsets of a space X is said to be discrete in X if each point
in X has a neighborhood which meets at most one set of that collection. If {As}s∈S is
discrete and each As is closed in X, the union
⋃
s∈S As is closed as well. In the same way
we can also define discrete sequences of sets and discrete sequences (of points) in X. If
a sequence x1, x2, . . . is discrete in X and X is T1, then this sequence is injective and its
image {x1, x2, . . .} is closed in X.
Theorem 2.9. The quotient space S∞/∼ has the following properties:
(i) each non-void open subset of S∞/∼ is dense. In particular, S∞/∼ is not Hausdorff ;
(ii) S∞/∼ is first countable at no point;
(iii) S∞/∼ is a Fréchet space;
(iv) the limits of any two infinite convergent sequences in S∞/∼ meet in an infinite set.
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(i) Let [Ia b] be a fixed element of the quotient space and let U be an open subset of
the quotient space containing this point. In such a case, for each index k > a, almost all
elements [Ik i], i  1, belong to U . It follows that U is dense in S∞/∼, which proves (i).
(ii) Our proof follows the very well-known Cantor diagonal argument. Let [Ia b] be a
fixed element of S∞/∼ and suppose there is a countable local base U1,U2, . . . at this point.
By the property used in the above proof of (i), there is a sequence of natural numbers
i1, i2, . . . such that [Ia+n in ] ∈ Un for each n 1. One easily sees that the set F composed
of all points [Ia+n in ] is closed in S∞/∼ (because it is discrete in this space). Hence the set
U = (S∞/∼) \ F is a neighborhood of [Ia b]. This leads to a contradiction because no set
Un is a subset of U .
(iii) Consider a set A ⊂ S∞/∼ and an element [Ic d ] ∈ (clA) \A. We are going to show
that there is a sequence in A which converges to [Ic d ]. Observe that there is an index m> c
such that [Imi] ∈ A for infinitely many i’s (otherwise the set {[Ic d ]} ∪ {[Ik i]: k > c, i 
1} \ A is a neighborhood of [Ic d ] in S∞/∼ disjoint with A, contrary to the hypothesis).
A natural sequence made of the elements [Imi] converges to [Ic d ], which proves (iii).
(iv) Observe that if an infinite sequence {xn} in S∞/∼ converges to [Ia b], then there
is an index l > a such that, for infinitely many i’s, the elements [Il i] are elements of
the sequence (otherwise {[Ia b]} ∪ {[Ik i]: k > a, i  1} \ {xn: n = 0,1, . . .} would be a
neighborhood of [Ia b] in S∞/∼, hence almost all elements of the sequence would coincide
with [Ia b], contrary to our assumption about the sequence). Consequently, each element
[Ik i], k < l, i = 1,2, . . . , belongs to limxn. This proves (iv). 
Now we recall three classical infinite countable connected Hausdorff spaces (which,
according to Proposition 2.1, cannot be regular). Each is first countable hence, according
to Theorem 2.4, it can be represented as a quotient of a bunch of arcs. By Lemma 2.8 the
projections of the quotients are hereditarily quotient. We shall show that for two of these
spaces one can prove even more: they are quotients of bunches of free segments in R3.
First we recall a construction of a nondegenerate connected countable Hausdorff space
YB which was designed by Bing [2]. The set is given by the formula
YB =
{
(w1,w2) ∈ Q × Q: w2  0
}
.
For any point v = (w1,w2) ∈ YB put
v− = w1 − w2√
3
, v+ = w1 + w2√
3
.
(The triangle with vertices (w1,w2), (v−,0) and (v+,0) is equilateral, and degenerate only
for w2 = 0.) The topology in YB is introduced by defining a local base at each point. We
declare the following sets form a local base at (w1,w2):((
v− − 1
i
, v− + 1
i
)
∩ Q
)
× {0} ∪ {(w1,w2)}
∪
((
v+ − 1 , v+ + 1
)
∩ Q
)
× {0},
i i
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verify that YB is a countable Hausdorff first countable space. Its connectivity follows from
the following lemma.
A subset A of a space X is said to separate X if X \A is not connected.
Lemma 2.10. The space YB has the following properties:
(i) Q = Q × {0} is open and dense in YB and it is naturally homeomorphic to Q;
(ii) YB \Q is discrete in YB ;
(iii) for any non-void open sets U , V in YB the intersection clU ∩ clV ∩ (YB \ Q) is
infinite; in particular, the closures of any non-void open subsets of YB intersect;
(iv) no compact subset separates YB ; in particular, YB is connected and no finite set sep-
arates YB .
Proof. Obviously, (i) and (ii) immediately follow from the description of YB .
(iii) By (i) the sets U ∩Q and V ∩Q are non-void open subsets of Q. There are sets U ′
and V ′ open in R such that (U ′ ∩ Q) × {0} = U ∩ Q and (V ′ ∩ Q) × {0} = V ∩ Q. From
the formulas defining v− and v+ it follows that there are infinitely many pairs (w1,w2) ∈
Q × Q, w2 = 0, for which either (v−, v+) ∈ U ′ × V ′ or (v−, v+) ∈ V ′ × U ′. One easily
verifies that each such pair belongs to clU ∩ clV ∩ (YB \ Q) and the proof of (iii) is
complete.
(iv) Suppose a compact subset C of YB separates YB . Then YB \C = U ∪ V , where U
and V are non-void disjoint and open in YB . By (i) and (ii) the set C \ Q is finite. By (iii)
there is point y ∈ clU ∩ clV ∩ (YB \C). Hence y lies either in U or in V , we can assume
y ∈ U . It follows that U meets V , because U is open and y belongs to clV . On the other
hand, U and V are disjoint, a contradiction completing the proof. 
Proposition 2.11. If f :X → Y is monotone and quotient and Y is connected, then X is
connected as well.
Example 2.12. There exists a countable connected bunch of free segments X ⊂ R3 with a
quotient being the Bing space YB .
Proof. Let us arrange points of Q in a sequence without repetitions q1, q2, . . . . Let J (qi) ⊂
R2, i  1, denote the segment
J (qi) = {qi} ×
[
0,
i
i + 1
]
.
Arrange points (w1,w2) ∈ B , w2 > 0, in a sequence without repetitions (w1 1,w1 2), (w2 1,
w2 2), . . . , and for j  1 put
v−j = wj 1 −
wj 2√
3
and v+j = wj 1 +
wj 2√
3
.
We always have v−j < v
+
j ; moreover
(1) the set of all pairs (v−, v+) is a dense subset of {(r, s) ∈ R2: r < s}.j j
J. Krasinkiewicz et al. / Topology and its Applications 153 (2006) 1249–1270 1261Fig. 4.
For a set W ⊂ Q by [W ] we denote a subset of R3 given by the formula
[W ] =
⋃
q∈W
J(q)× {q2}
(here we identify ((x, y), z) with (x, y, z), and subsequently make similar natural identifi-
cations). The set [W ] is the union of disjoint segments lying on the graph of the function
R2  (x, y) → x2 ∈ R. Using simple properties of the projection of R3 onto the first factor,
we get the following:
(2) if W is open in Q, then [W ] is open in [Q];
(3) v−j ∈ clW ⇐⇒ (v−j , jj+1 , (v−j )2) ∈ cl[W ]; v+j ∈ clW ⇐⇒ (v+j , jj+1 , (v+j )2) ∈ cl[W ].
Let Kj denote the segment in R3 connecting (v−j ,
j
j+1 , (v
−
j )
2) and (v+j ,
j
j+1 , (v
+
j )
2). The
bunch in R3 we are looking for is given by the formula
X = [Q] ∪K1 ∪K2 ∪ · · · .
As [Q] lies on the graph of the function R2  (x, y) → x2 ∈ R, and the function is strictly
convex when restricted to the line y = j
j+1 , the segments Kj are free in X. Their ends
belong to cl[Q], by (3). From this description it follows that
(4) the sequence K1,K2, . . . is discrete in X and [Q] ∩ (K1 ∪K2 ∪ · · ·) = ∅.
It follows that the union K1 ∪K2 ∪ · · · is closed in X, hence
(5) [Q] is open in X.
Now we are going to show that X satisfies the requirements. First we define a transforma-
tion f :X → YB by declaring the segments Kj are carried to points (wj 1,wj 2), and the
segments J (q)× {q2} to points (q,0). We shall prove that
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It is enough to verify the continuity at an arbitrarily chosen point p ∈ X. To this end fix
an arbitrary neighborhood V of the image f (p) = (w1,w2) in YB , we have to determine a
neighborhood of p in X that is carried by f into V . It suffices to consider two cases:
(a) w2 = 0.
From the description of topology in YB it then follows that there is an open set W in Q
such that (w1,w2) ∈ W × {0} ⊂ V . Then W × {0} is open in YB . Combining (2) and (5)
we infer that f−1(W × {0}) = [W ] is a desired neighborhood of p.
(b) w2 > 0.
Then (w1,w2) = (wj 1,wj 2) for some j  1, and p ∈ Kj . From the description of topol-
ogy in YB it follows that for some i  1 the set
V0 =
((
v−j −
1
i
, v−j +
1
i
)
∩ Q
)
× {0} ∪ {(wj 1,wj 2)}
∪
((
v+j −
1
i
, v+j +
1
i
)
∩ Q
)
× {0}
is contained in V . As
f−1(V0) =
[(
v−j −
1
i
, v−j +
1
i
)
∩ Q
]
∪Kj ∪
[(
v+j −
1
i
, v+j +
1
i
)
∩ Q
]
,
by (3)–(5) it follows that it is an open set in X. Thus f−1(V0) is a desired neighborhood
of p. This ends the proof in the case (b), and completes the proof of (i). Next we prove that
(ii) f is quotient.
Clearly, f is surjective. Now suppose V is a subset of YB such that f−1(V ) is open X.
We must show that V is open in YB . This will be achieved once we show that each
point (w1,w2) ∈ V lies in the interior of V . First consider the case where w2 = 0. Then
(w1,0,w21) is a point of the inverse f
−1(V ) and is carried by f to (w1,0) = (w1,w2).
As f−1(V ) is open there is neighborhood W of w1 in Q such that {(q,0, q2): q ∈ W } ⊂
f−1(V ). Hence W × {0} is a subset of V and is open in YB . As (w1,w2) belongs to this
set, (w1,w2) belongs to the interior of V . It remains to consider the case where w2 > 0.
Then (w1,w2) = (wj 1,wj 2) for some j . It follows that Kj ⊂ f−1(V ). As f−1(V ) is
open, there is an index i such that[(
v−j −
1
i
, v−j +
1
i
)
∩ Q
]
∪
[(
v+j −
1
i
, v+j +
1
i
)
∩ Q
]
⊂ f−1(V ).
Hence the union
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v−j −
1
i
, v−j +
1
i
)
∩ Q
)
× {0} ∪ {(wj 1,wj 2)}
∪
((
v+j −
1
i
, v+j +
1
i
)
∩ Q
)
× {0}
is a neighborhood of (w1,w2) in YB and is contained in V . This ends the proof of (ii). One
easily sees that
(iii) X is connected.
In fact, this follows from Proposition 2.11, as YB is connected and f :X → YB is monotone
and quotient.
To complete the construction we need to show that the segments J (q) × {q2} can be
replaced by free segments. To this end it is enough to replace the endpoints (qi,0, q2i ) of
J (qi) × {q2i } by the points (qi,0, q2i − 1i ) and in place of the segments J (qi) × {q2i } take
the segments connecting (qi,0, q2i − 1i ) with the other endpoints of J (qi)×{q2i }. This ends
the construction and verification of the required properties. 
Another example given below is essentially a detailed description of an interesting idea
from a paper by Jones and Stone [5], which was just sketched (with a misleading typo-
graphical error) in that paper.
Example 2.13 ((Jones and Stone)). There exists a countable connected and locally con-
nected Hausdorff space Y which is first countable.
Proof. The set Y is defined to be a countable dense subset of R2 whose points have all
coordinates different (it means that for any two different points (a, b), (c, d) in Y the
numbers a, b, c, d are all different; geometrically, Y is disjoint with the line x = y, and each
pair of lines—one vertical and one horizontal, intersecting at a point of the line x = y—
meets Y at most at a single point). The topology on Y is introduced by defining a base for
open sets composed of the sets
UY = (U ×U)∩ Y,
where U is an open subset of R. Notice that the space Y is Hausdorff: if (a, b) and (c, d)
are different points of Y , there exist disjoint open sets U, V in R such that {a, b} ⊂ U and
{c, d} ⊂ V . Then UY and VY are desired neighborhoods of these points. It remains to show
that Y is connected and locally connected. To this end we shall prove two properties, the
latter implies what we need.
(a) For any open set U in R and a point (r, s) ∈ Y we have
(r, s) ∈ clY UY ⇐⇒ (r ∈ clU ∨ s ∈ clU),
where clU denotes the closure of U in R.
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Suppose this is not true. Then there is an open set V in R such that {r, s} ⊂ V ⊂ R \ U .
Hence (r, s) ∈ VY and VY ∩UY = (V ∩U)Y = ∅, contrary to our assumption.
(⇐) Suppose r ∈ clU ∨ s ∈ clU . We must show that each neighborhood of (r, s) in
Y meets UY . We may restrict our attention to neighborhoods of the form VY only, where
V is an open set in R. For such a neighborhood we have {r, s} ⊂ V . So, by the opening
assumption, we infer that V ∩ U = ∅. It follows that VY ∩ UY = (V ∩ U)Y = ∅, which
proves (a).
(b) Each set UY is connected. Consequently, Y = RY is connected and locally connected.
Proof. For suppose UY is not connected. Then Z = UY can be written as a union Z =
G ∪ H , where G and H are non-void disjoint and open in Z. As Z is open in Y , both G
and H are open in Y . Hence
(1) G∩ clY H = ∅ = (clY G)∩H .
Therefore, there are non-void open sets V , W in R such that
(2) VY ⊂ G,WY ⊂ H .
There is a point (r, s) ∈ Y such that r ∈ V and s ∈ W . Hence (a) implies (r, s) ∈ clY VY ∩
clY WY . As V ∪ W ⊂ U , it follows that (r, s) ∈ UY = G ∪ H . So, if (r, s) ∈ G we get
(r, s) ∈ G∩ clY WY ; and if (r, s) ∈ H we get (r, s) ∈ (clY VY )∩H . Now, applying (2), we
infer that either G ∩ clY H = ∅ or (clY G) ∩ H = ∅, contrary to (1). This ends the proof
of (b).
It remains to show that Y is first countable. But this presents no difficulty: for a given
point (r, s) ∈ Y the sets of the form (Ur ∪Us)Y , where Ur is an open interval with rational
endpoints in R containing r , and Us is an analogous interval for s, constitute a countable
base at that point. This ends the description of the Jones–Stone example. 
Remarks. (1) Property (a) is equivalent to the equality
clY UY =
[
(clU)× R ∪ R × clU]∩ Y.
(2) It follows that the closures of any two non-void open subsets of Y intersect. More-
over, for any two open subsets U,V of R we have
clY UY ∩ clY VY =
[(
(clU)∩ clV )× R ∪ ((clU)× clV )
∪ ((clV )× clU)∪ R × ((clU)∩ clV )]∩ Y.
(3) The above example Y = YJS of Jones and Stone [5] is viewed by the authors as
a modification of the Bing’s example YB [2]. (Formally, there are many examples YJS—
depending on the choice of Y , we do not know whether or not they all are homeomorphic.)
This point of view provokes a natural question: to what extent are the examples similar?
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from property (i) of Lemma 2.10, and for other points it can be easily verified). Therefore,
YJS is not homeomorphic to YB . Hence, the examples are essentially different. Neverthe-
less, they have some important properties in common: (1) the closures of any two non-void
open subsets have infinite intersection, (2) no compact subset separates the space. (For YB
these properties follow from (iii) and (iv) of Lemma 2.10; for YJS property (1) follows from
Remark 2 because any closed subset of YJS separating this space contains a subset of the
form clY UY ∩ clY VY , where U and V are open intervals in R with disjoint closures, and
property (2) follows from Lemma 2.14 below.) According to Theorem 2.4, YJS is homeo-
morphic to the quotient space of a connected bunch of arcs. We do not know whether or
not it can be represented—like YB—as the quotient space of a bunch of segments in R3
(cf. Problem 3(a) at the end of this paper).
Lemma 2.14. The Jones–Stone space YJS has the following properties:
(i) every compact subset of YJS is nowhere dense in R2,
(ii) no compact subset separates YJS; in particular, no finite set separates YJS.
Proof. Consider any compact set C in Y = YJS. First we show that
(i) C is nowhere dense in R2.
Suppose it is not true. Then there is a non-void open set G in R2 such that
(1) C ∩G is dense in G.
We may assume G = U × V , where U and V are open intervals in R such that
(2) (clU)∩ clV = ∅.
Let pr1 : R2 → R be defined by pr1(x, y) = x. Pick any point (r, s) ∈ U × V such that
r, s /∈ pr1(Y ) and choose decreasing sequences of intervals: U ⊃ U1 ⊃ U2 ⊃ · · · converging
to r , and V ⊃ V1 ⊃ V2 ⊃ · · · converging to s. By (2) and Remark 2 we have
(3) clY (Un)Y ∩ clY (Vn)Y =
[(
(clUn)× clVn
)∪ ((clVn)× clUn)]∩ Y ,
for each n  1. Hence each set Cn = C ∩ clY (Un)Y ∩ clY (Vn)Y is compact and non-void
by (1) and (3). It follows that C1 ⊃ C2 ⊃ · · · is a decreasing sequence of non-void compact
sets, and one easily verifies that it has empty intersection, a contradiction. This proves (i).
Next we prove that
(ii) YJS \C is connected.
To this end it is enough to show that YJS \C is dense in R2. (In fact, in such a case YJS \C
fulfills the requirements imposed on the set in the construction of YJS, hence it also has
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This implies that YJS \C is dense in R2, because it contains a dense set YJS ∩ (R2 \ clC).
This ends the proof. 
A topological space is said to be a Urysohn space if any two different points of this
space admit neighborhoods with disjoint closures. In our next example we refer to a result
of Roy [9] who has constructed an example of a countable connected Urysohn space. That
space is first countable.
Example 2.15. There is a countable connected bunch X (⊂ R3) of free segments with a
quotient being the Roy example (hence a Urysohn space).
Proof. First we extend the space R2 to a space R2 ∪ {[−∞], [∞]}. It suffices to de-
scribe local bases at [−∞] and [∞]. We take for a local base at [−∞] the collection
{[−∞]} ∪ R × (−∞, t), t ∈ R, and at [∞] the sets {[∞]} ∪ R × (t,∞), t ∈ R. So defined
extended plane is homeomorphic with geometric suspension of an open interval. Indeed,
the transformation h : R2 ∪ {[−∞], [∞]} → R2, given by the formula
(x, y) →
(
x
(|x| + 1)(|y| + 1) ,
y
|y| + 1
)
,
extended naturally over added points is an embedding. It carries [−∞] to (0,−1), [∞] to
(0,1), and the entire space onto the geometric suspension of the interval (−1,1) (i.e., the
union of two cones in R2 with base (−1,1)× {0} and vertices (0,−1), (0,1)).
Now we recall the construction of Roy. Let Qn,n ∈ Z, denote a sequence (infinite in
both directions) of disjoint dense subsets of Q. Define a set R ⊂ R2 by the formula
R =
⋃
n∈Z
Qn × {n}.
We define a topology on R∪{[−∞], [∞]}(⊂ R2 ∪{[−∞], [∞]}) by choosing a local base
at each point. At [−∞] and [∞] we take the intersections of neighborhoods of those point
in R2 ∪ {[−∞], [∞]} with the subset. At points (x,n) ∈ R the neighborhoods are defined
as follows. For n even the base at (x,n) consists of the sets
U(x,n) = (U ∩Qn)× {n},
where U varies over open neighborhoods of x in R. For n odd the base at (x,n) consists
of the sets
U(x,n) = (U ∩Qn−1)× {n− 1} ∪
{
(x,n)
}∪ (U ∩Qn+1)× {n+ 1},
where U varies over open neighborhoods of x in R. One easily verifies that so defined
space R ∪ {[−∞], [∞]} is connected and satisfies the Urysohn condition [9]. It remains to
show that it can be obtained as the image of a quotient map f :X → R ∪ {[−∞], [∞]},
where X is a countable bunch of free segments in R3.
The set X ⊂ (R2 ∪ {[−∞], [∞]})× I is described as the union
X =
( ⋃
J (x,n)
)
∪ {[−∞], [∞]}× I,(x,n)∈R
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where J (x,n) are segments defined as follows. Arrange points of Q in a sequence without
repetitions q1, q2, . . . in such a way that i  n2 +2 for each qi ∈ Qn, n = 0. For n even and
x = qj , let J (x,n) be a segment with endpoints (x,n, 1j+1 ) and (x,n− 1j+1 , 1|n|+1 ); for n
odd and x = qk , let J (x,n) be a segment with endpoints (x,n− 1, 1k ) and (x,n+ 1, 1k ).
(The bunch defined this way is not a subset of R3. But we can easily find a bunch in
R3 naturally homeomorphic to that bunch. To see this we first embed X in R3 applying
the mapping h × idI : (R2 ∪ {[−∞], [∞]}) × I → R2 × I . Under this transformation all
segments {[−∞]} × I , {[∞]} × I and J (x,n), n odd, are carried onto segments. On the
other hand, the segments J (x,n), n even, are carried onto arcs (h× idR)(J (x,n)) which are
not segments. Each of these arcs is then replaced by the segment connecting the endpoints
of the arc. The image modified this way is a bunch of segments in R3 and is naturally
homeomorphic to X.)
Then we define the transformation f by declaring that J (x,n) is mapped to (x,n), the
limit interval {[−∞]} × I is carried to [−∞], and {[∞]} × I to [∞]. One easily verifies
that f has the required properties.
3. An uncountable collection of countable connected Hausdorff spaces
In this section we construct a collection of power c of countable connected first count-
able Hausdorff spaces no two of which are homeomorphic.
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To this end we fix an infinite countable connected first countable Hausdorff space Y
with no separating point. (As we have seen in Section 2 such spaces exist.) As the Cantor
set {0,1}N has power c, the construction will be done once we assign to each sequence
(i0, i1, . . .) ∈ {0,1}N a space Y(i0, i1, . . .) having required properties so that the spaces
corresponding to different sequences are not homeomorphic.
Pick two different points a and b in Y . Given a sequence (i0, i1, . . .) ∈ {0,1}N we define
the space Y(i0, i1, . . .) as follows. For j  0 denote: Y2j = {2j}×Y ; Y2j+1 = {2j +1}×Y
if ij = 1; Y2j+1 = {(2j + 1, a)} if ij = 0; aj = (j, a) and b2j = (2j, b). We regard Y ′j s as
subspaces of the Cartesian product N × Y . Then we define Y(i0, i1, . . .) as the quotient
space
Y(i0, i1, . . .) =
( ∞⋃
j=0
Yj
)
/∼, where b2j ∼ a2j+1 and a2j+1 ∼ a2j+2.
Let η :
⋃∞
j=0 Yj → Y(i0, i1, . . .) denote the quotient map and let cj = η(b2j ) =
η(a2j+2). Define a chain C by the formula
C = η
( ∞⋃
j=0
Y2j
)
.
With this notation Y(i0, i1, . . .) is the union of C and some copies of the space Y at-
tached to C at points cj—for the indices j with ij = 1. One easily sees that Y(i0, i1, . . .) is
an infinite countable connected first countable Hausdorff space. It remains to show that the
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this end first observe that the set {c0, c1, . . .} consists of all points separating Y(i0, i1, . . .)—
hence it depends on the topological type only. Next we shall show that the same is true of
the index j of a point cj . To see this notice that the complement Y(i0, i1, . . .) \ {cj } has
either two or one component which contain finitely many points of the set {c0, c1, . . .}. If
there is only one such component then j is equal to the number of elements of the set
{c0, c1, . . .} lying in that component. If there are two such components then one of them
contains no point of that set, and j is equal to the number of elements of {c0, c1, . . .} lying
in the other component. This implies that ij ∈ {0,1} also depends on the topological type
only. Indeed, notice that ij = 0 if Y(i0, i1, . . .) \ {cj } has two components, and ij = 1 if
Y(i0, i1, . . .) \ {cj } has three components. This ends the construction.
Taking for Y the Jones–Stone space, we get in addition the local connectivity of the
constructed spaces. Applying to these spaces Theorem 2.6 we obtain the following corol-
lary.
Theorem 3.1. There exist a collection of cardinality c of countable connected bunches of
arcs no two of which are topologically equivalent. Moreover, no two of the natural quo-
tients of the bunches are topologically equivalent and each natural quotient is an infinite
countable connected locally connected first countable Hausdorff space.
4. Problems
The following open problems seem to be of interest.
Problem 1. 6 Does there exist an infinite countable connected bunch of arcs in R2 whose
natural quotient is a Hausdorff space (Urysohn space)?
Problem 2. Give necessary and sufficient conditions for a countable connected T1-space
to have resolutions by countable connected bunches of arcs (segments) in R2.
Problem 3. Let Y be a T1 (Hausdorff, Urysohn, respectively) countable connected space
having a resolution.
(a) Is Y a quotient of a countable bunch of segments in R3?
(b)7 Is Y a quotient of a countable bunch of arcs in R2?
Problem 4. Does there exist a countable connected bunch of arcs, different from an arc,
whose natural quotient is Hausdorff and which admits uncountably many embeddings in
R2 with mutually disjoint images?
6 Recently P. Minc has constructed a countable connected bunch of segments in the plane whose natural quotient
is Hausdorff (result being prepared for publication). It seems feasible to modify his construction to obtain similar
bunch with free segments. The second question remains open.
1270 J. Krasinkiewicz et al. / Topology and its Applications 153 (2006) 1249–1270Comment. There exist countable connected bunches of arcs (different from an arc) which
admit uncountably many pairwise disjoint copies in R2. For instance, one can verify that
each Sierpin´ski bunch Sm, m = 1,2, . . . ,∞, has this property. (Hint: Construct the copies
by taking suitable collections of arcs “parallel” to the arcs of Sm.)
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